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1. Introduction

The problem of testing the equality of mean vectors of several groups with common unknown nonsingular covariance
matrix, the so called MANOVA or multivariate analysis of variance has been considered many times in the statistical
literature. For normally distributed observation vectors when the total sample size N is considerably larger than the
dimension p of the vector, Wilks [9] likelihood ratio test is commonly used with Box’s [2] approximation for the distribution
of the test statistic. For dimension p larger than the sample size N, this testing problem has also been recently considered
in the literature by Srivastava and Fujikoshi [8], Srivastava [5], Schott [3] and Yamada and Srivastava [10] for normally
distributed observation vectors.

In this article, we consider a general model which includes normal distributions and propose a test that is invariant under
the change of units of measurements. That is, the test statistic is invariant under the transformation by non singular diagonal
matrices. Thus, without any loss of generality, we assume that the covariance matrix is a correlation matrix A = A/2A/?,
where A'/? is the unique positive definite matrix. Since the MANOVA problem is a special case of the multivariate regression
model, we assume that the N x p matrix of observations follow the model

Y =XO+UA'? (1.1)
where X is an N x k matrix of known constants of rank k, ® is a k x p matrix of unknown parameters, k < p,

U=u,...,uy),
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and u; = (uj1, . .., Ujp)’ are independent and identically distributed with
Ew)=0, Cov(w)=1I,  E@uj) =Ks+3, (1.2)

andforvy > 0,30 v <4,i=1,...,N,

p p
E|:l_[u,fi| = JEwp. (1.3)
k=1 k=1

Here A = () = A2A2 is the non-singular correlation matrix. For normally distributed u; with zero mean vector and
identity covariance matrix, the conditions (1.2)-(1.3) are satisfied with K, = 0.
The problem of testing in the model (1.1) is that of testing the hypothesis

H:CO=0 vs. A:CO #0,
where C is a ¢ x k known matrix of rank ¢ < k. For example, in testing the equality of k = (g + 1) mean vectors, the
observation matrix Y is of the form given by

Y=(yll,---»le1§--~;yk1»-~-7yka),» (1.4)

where N; independent vectors are obtained from the ith group with mean vector u;, i = 1,...,q + 1l,and N =
Ni + -+ 4 Ng41. All the observation vectors have the same covariance matrix which we have assumed in this article as
non singular correlation matrix A. To write the problem of testing the equality of k = (g + 1) mean vectors as a regression

model, we define a vector 1, = (1, ..., 1) as an r-vector with all the elements equal to one,
Iy, O 0
0 1, O
X = . . . N xk (1.5)
0 0 1y
and
O=(y,.... 1) :kxp, k=q+1. (1.6)

Thus, the regression model representing the mean vectors of k = (q + 1) groups is given by (1.1) with Y, X and © defined
respectively in (1.4)-(1.6). The problem of testing the equality of k = (q + 1) mean vectors is given by H : C® = 0 against
the alternative A : C® # 0 where C is now given by g x (g + 1) matrix.

C=(y, 1) :qxk, k=q+1 (1.7)
In general, for testing the hypothesis H : C® = 0, we consider the variation due to the hypothesis given by

B=Y'GY, (1.8)
where

G=XX'X)"lcrcx’x)"'c'1 tex’x)"'x’, (1.9)

isan N x N matrix of rank ¢ < N. The matrix G is an idempotent matrix of rank g, G™ = G for a positive integer m. That is,
there are g eigenvalues that are equal to 1 and the remaining N — q eigenvalues are zero.

For asymptotic results for regression models under non-normal distributions, some assumptions on the so-called design
matrix X = (x;) are made. For example, it is common to assume that N ~1X’X goes to a positive definite matrix and that Xij's
are uniformly bounded. In our case, we assume that G = (g;), g = O(N~1). This gives Zf’zl Z}Ll gg = 0(1), which in our
case is ¢ < oo. This also gives Zi\’ﬂ gl% = O(N~1). The above assumption along with assumptions on the correlation matrix
are stated below.

Assumption (A). A(1) For G = (g;), g; = O(N™),
A(2) limy_. oo (tr [A%]/p) < o0,
A(3) limy_ « (tr [A*]/p?) = 0O,
A(4) N =0@{%),8 > 1/2, q < oo,
A(S) lim(n,p)aoo{(pq)_ltr [AMM,]} =0,
where
M=0Cc[cX'X)"'C172, G = (gi), (1.10)

and g = |ggl, i #j, i,j=1,...,N, g > 0.
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Assumption A(5) gives the local alternative under which the non-null distribution of the statistic will be obtained.
The variation due to the error which can be used to estimate the correlation matrix A with or without the hypothesis H
being true is given by
S=n"'YUy—-HY, H=XXX)"'X,n=N—k, (1.11)

where Iy — H is also an idempotent matrix of rank N —q— 1= N — k = n, (Iy — H)G = 0, and hence, under normality
assumption, it implies that B and S are independently distributed but we do not have normality. The sample correlation
matrix R is defined by

R = D;"?sp; ', (1.12)
where Ds = diag(S) is a diagonal matrix with the same diagonal elements as the diagonal elements of S. In this paper, we
propose the test statistic
tr[BD; '] — npg(n — 2)~!
[2¢pnq(tr [R?] — n=1p?)]1/2”

1= n:N_k, (1'13)

where

Con = 14 (tr[R*]/p*?) (1.14)

is a correction factor to speed up the convergence of the statistic T; to normal which goes to one for n = 0(p%), § > 1/2,
as given in Srivastava and Du [7]. Under the assumption of normality, Yamada and Srivastava [10] have shown that as
(n,p) — oo, T is asymptotically normally distributed. In this article we show that this result holds under the general
distributions described above in (1.2)-(1.3).

The organization of this paper is as follows. In Section 2, we derive the asymptotic distribution of T; under the general
distribution described in (1.2)-(1.3) when the hypothesis H holds. The asymptotic non-null distribution of this statistic
under local alternative is given in Section 3. The asymptotic distribution of another statistics proposed in the literature is
considered in Section 4. In Section 5, the power of the proposed test is compared with some existing tests through simulation.
The results on moments are given in Section 6. The paper concludes in Section 7.

2. Asymptotic null distribution of T,

Following Corollary 2.6 of Srivastava [6], we have fori = 1,...,p, X = (0j) and § = (sy), E[sf] = aﬁ_] + O(N™.
Hence,s;' = o; ' + 0,(N"). Thus, since Dy, = diag (o1, . .., opp) =1,
Dy' = diag(sj].....s;,) =diag(oy;'.....0,,") + O,(N™1)
= D5'[1+ 0,(N" D] =L,[1+ 0,(N"H].

It also follows from Srivastava and Du [7] and Srivastava [6] that for N = 0(p%), § > 1/2,

1{tr [R?] — n_lpz} s (tr[A?]/p). 2.1)
p

Thus, in probability

T, £ p~'{tr[BDs '] — pq}/(2qtr [A?]/p)"/?
£ (pg)""2{[1 + 0,(N")]tr [B] — pq}/(2tr [A%]/p) "/
£ (pq)""2[1 + 0,(N"H]1[tr [B] — pql/2tr [A*1/p)'* + (pg)~"/*pq x O,(N™")

[I=

(pq) [t [B] — pal[1+ Op(N"1)1/2tr [A%1/p)'? + 0,(\/p/N).
Since N = 0(p%), § > 1/2, it is observed that 0,(y/P/N) = 0,(1). In the remainder of the paper, we show that
(pq)~"?[tr [B] — pql/tr [A%]/p)'?

is asymptotically normally distributed. Thus, in probability we need only to find the asymptotic distribution of

1
T, £ —{tr[B] — pq}/(2tr [A%]/p)"/?

Nz

1
- ﬁ{tr [Y'GY] — pq}/(2tr [A*]/p)"/>. (2.2)
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Under the hypothesis H : C® = 0, and hence GX® = 0. Thus, under H, T; becomes
1
Ty = — {tr [AU'GU] — pq}/(2tr [A*]/p)"/?, (2.3)
e }

where U = (uq,...,uy), and uq, ..., uy are independent and identically distributed p-vectors with mean vector 0 and
covariance matrix I,,. The fourth moment of each component of u; = (uj1, . . ., uj)’ is the same, namely E (uf‘k) =Ks+3, k=
1, ..., p as the model satisfies the conditions (1.2)-(1.3). Alternatively, we may assume that u;s, . .., u;, are independently
distributed as is done in Srivastava [6] which results in somewhat simpler algebraic manipulations. But we will continue
with assumptions (1.2)—(1.3). Writing G = (g;;), we find that the numerator of T in (2.3) is given by

1
Gnp = ﬁ{tr [GUAU'] — pq}
Liyy
= — gijll; Au]
pq i=1 j=1
= — gilljAu; — pq guu (A
pq i=1 , 1;&]
=Ji+/|. (2.4)

We note that
1 N
E(y) = — gi(trA) —pq¢ =0,
NGT [,; !

since tr (A) = p and Zf'ﬂ gi; = q. Using Lemma 6.1 given in Section 6, we find that the variance of J; is given by

1N
Var(J1) o E g5 (Kyp + 2tr [A?])
i1

N
[Ks+ (2tr [A%]/p)] (Z gﬁ/q)

i=1
= O(]). (25)
Hence, the first term goes to zero in probability. Thus, in probability
N

j—
& —= Zgu u; ZZ&'"?AUJ (2:6)

z;é] i=1
with E(qnp) = 0,and

Var(gn,p) = ZZgUtr [A%] = Zgutr [A%]

] =2 i=1 i#j
=~ 2tr[A%]/p < oo, (2.7)
from the Assumption (A). Let
2
j N ; ijthi Al
and let J; be the o-algebra generated by the random vectors u, ..., u;. Letting g = 0, and Iy = (¢, £2) = I_4, where ¢

is the empty set and £2 the whole space, we find that Iy C J; C --- C Iy C 3, and
E(;|Sj-1) =0, E(nj) =0,

j= i—1

4 4 /
E(m}|3j-1) = p— Zgu [ At Aw; | 3_4] + — Zg,-jgkjE[uiAuju]/-Auqu_]]
i=1 i#k
4 Lt
= — Zg,fu{Azu, +— ) gigyt A%y, (2.9)
q = Pq iz

j—1
E(p)) =4 (Z&?) (tr [A%]/pg) < oo. (2.10)
i=1
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Hence, the sequence {ny, 3} is a sequence of integrable martingale difference. Thus, to establish the asymptotic normality
of the random variable g, , given in (2.5), we may use Theorem 4 from Shiryaev [4]. This requires establishing the Lindberg
condition.
Fore > 0,
DL=YN EMA(ml > )11 - 0in probability.
And we have to show that
(1) €= Y3, E(ISk-1) 2 o2 for some constant 6.

We first show (II). From (2.10) we find that

N N j—1
D E@) = 4[>
=2

4 ( g,?) (tr [A%]/pq)
j=2 i=1

N
2 (Z g,-?) (tr [A?1/pg)

i
— 2(tr[A%]/p) = 0 < 0.

Thus, to show that the convergence condition (II) is satisfied, we need to show that the variance of the random variable C
goes to zero. From (2.9), the variance of C is given by

j-1
Var(C) = ﬁVar |:Z <Z gju:Azul +2 Zgijgkju;Azuk):| .
i<k

We will show that the variance of each term in the right hand side goes to zero which will imply that Var(C) goes to zero.
We first note that 3 1, (ZJ 18 < (Zﬁ\;j g7)%. Hence, the variance of the first term is

5 e [Z (Z A% )} —Var [Z(u Awy) (Z g,,)]

q p Jj=2 i=1 =i+1
2
16 N a202 4 2
< 1K) (AD; + 20 (A (D g
pq i=1 iZ

where (A?); is the (i, i)thterm of A2, i = 1, ..., p. Since

p
(Z(A%ﬁ/f) < (tr[A*]/p®) — 0,
i=1

and (3, 4 gi?)2 /q* < 1, the variance of the first term goes to zero. Next, we show that under Assumption (A), the variance
of the second term goes to zero. That is

4 N_j-1 16 N-1/ N
pzqzVar|:2 Z Zg,jgkju;AZuk] = EV r |:Z (Z gjkgﬂ) u;{AZu,:|

k<l \j=I+1

2
= —(tr [A%]) Z (Z gjkg,z>

k<l =[+1
< 16(tr[A*]/p®) x O(1),

which goes to zero under Assumptions A(3). Then,

N
> E@mEISi-1) > 0f = 2(tr [A?]/p).
k=2

To show that Lindberg’s condition (L) is satisfied, we need to only show that

N
Y E(j) > 0 asN — oo.
j=2
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Thus, from (2.8), we need to evaluate

16 = ) 4 ’
Z(F;E[{;gijuizsuj} j| = 2 Z |:{Zgu(u Auj) +Zgug,j(u Auj)(u,Auj)}

i=1 il
= 16(I; +12 +2I3),

where I; = (pq) 2 Z E[{> 1gu 2 (u/Au;)?)?],

2
b= p q2 Z “Zgﬁgv(“h\uj)(umuj)} }

i#l
1 N[z -1
—q Z |:Z g5 (ujAuy)® x Zg,jg,j(ulfAuj)(u;Auj):|.
= Li=1 il
Note that
1 =2 |4 ’ 1" L
a2 Z |:{Zg1j ("gA"j)z} :| = — Z |:Zgu (uAu)* + Zgugk](ul{Auj)z(ugAuk)zi|
q Jj=2 i=1 P j=1 i=1 i#k
1 ). 2
= 5 Zg,JE[(u Au)*1+ Zg,]g,qE[(u A’u)?]
=1 Li=1 i#k

From Lemmas 6.1(a) and 6.2 with A = A2, p~2E[(u,A*u;)*] = O(1) and p~2E[(u;Au;)*] is of O(1) under Assumption A(3).
Hence from A(1),I; = O(N~"). Similarly, it can be shown that

N—1 j—1
7 3 O > el Ew A = O,
j=2 i#l
and that I; = 0. Hence Lindberg’s condition (L) is satisfied. Thus, we have proved the following theorem.
Theorem 2.1. Consider the model (1.1) satisfying (1.2) and (1.3). Then under the hypothesis H : C® = 0, the statistic T, defined
in (1.13) is asymptotically normally distributed with mean 0 and variance 1, namely

lim Po{T; < zi_o} = P(21-a)
(N,p)—o00

where @ denotes a standard normal distribution function, and Py denotes that the probability has been computed under the
hypothesis H.

Corollary 2.1. Under the hypothesis as (N, p) — oo, we get from (2.6)

N

/ 1/2

T 2> gwiyi/{2comatr R — ' p2)} 2,
i#j

where G = (gy) = XX'X)~IC'[c(X'X)~1C'T7c(xx) X'

3. Asymptotic non-null distribution of T,

In this section, we derive the asymptotic distribution of the statistic T; under local alternative given by Assumption A(5),
namely

lim (pg)~'tr[AMM'] = 0, (3.1)
(N,p)—o0
where
M=0c[cx'X)"'c172. (3.2)

From Theorem 2.1, it follows that in probability the statistic

Ty £ (pq)~"?{tr Y'GY — pq}/(2tr [A%]/p)"/?
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goes to N (0, 1) under the hypothesis H. This implies that irrespective of any hypothesis, the random variable
Tf = (pg)~"*{tr[(Y — X©)'G(Y — X©)] — pq}/(2tr [A*]/p)"/?
(rg)~'?
(2tr[A*]/p)1/2
(pg)~ "
U @i [a?)/p)i
— N(0,1) as(N,p) — oo.
It may be noted that the random variable T} depends on unknown parameters . We now show that under Assumption A(5)

(pq) " ?tr [@'X'GY] — (pq)~*tr [@'X'GXO].

{tr[Y'GY] — 2tr [@'X'GY] + tr [©'X'GX®O] — pq}

{—2tr[@'X'GY] + tr[@'X'GX®]}

Let

A=0XG=(a,,..., a,), Y=@,....
Then

El(pg)~"*tr [AY]] = (pg)~'*tr [AOX] = (pg)*tr [@'X'GX O]
and since G*> = G,

N N
Var[(pq)~"*tr [AY]] = (pg)~'Var [tr Zaw{} = (pq)~'Var [Z aiyi}

i=1 i=1
N N
= (p9) 'Y _aAa; = (pg)'tr |:A (Z aia;)}
i=1 i=1
= (pq) 'tr[AAA'] = (pq) 'tr [A@'X'GXO']
= (pg)~'tr [AMM'],
which goes to zero under Assumption A(5). Thus,
(pq) 2o [@X'GY] > (pg) *tr [@'X'GXO]
= (o) MM’

and
TF £ Ty — (pg)~"?tr [MM')/,/2tr A% /p.
Hence,
P1lT1 > Z1_ol underA(S)} = Pl[T1 — M > Zleq — U‘U”W}
V2qtr [A%] V2qtr [A%]
=P [Tl* >Z1q + v (MM} }
V2qtr [A?]

tr [MM']
= (p _Zl—a + T |
V2qtr[A%]
where Py denotes that the probability has been computed under the local alternative hypothesis given in A(5). It may be

noted that if the assumption that Dy = I, where Dy = diag(o11, . ..., 0p), ¥ = (0y) is dropped, then the power can be
written as

tr [D5,'MM']
Pi{T; > z,|underA5)} =@ | -z + —— |,
V2qtr [A?]
for the model Y = X©® + X'/2A'/2U. Hence, we get the following theorem.

Theorem 3.1. Under the model Y = X© + UA”ZD;-/Z, where the elements of U satisfies conditions (1.2)-(1.3)

tr [D5. ' MM’
Pi{T; > 2z,) = @ (—za + r[E]) )

V2qtr[A%]

Assumption A(5) becomes limy p)— 00 (pq) ~'tr [AD;I/ZMM’D;/Z] =0.
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4. Other tests

Bai and Saranadasa [ 1] proposed a two-sample test for testing the equality of two mean vectors. A generalized version of
this test for the MANOVA problem was given by Srivastava and Fujikoshi [8] for normally distributed observation vectors.
It is given by

T, = [2pqd> (1 4+ n~')]/*{tr [B] — qtr[S1},
where

a, = 1[tr [$%] — 1(tr[S])2}.
p n

Under the hypothesis H : C® = 0, T, is asymptotically normally distributed as .~/ (0, 1). That is,

lim Py {T2 < Za} = @(Za).
(N,p)—o0
By following the methods given in Section 2 of this article, it can be shown that the asymptotic normality of T, under the
hypothesis still holds for the non-normal model considered in this paper under the corresponding modified assumptions on
the covariance matrix X in place of the correlation matrix A. Similarly it can be shown that under the alternative hypothesis
A(5), the asymptotic distribution is given by

. tr [MM']
lim Py {T >z} =24 + —u" ).

(n.p)—0 V2qtr [2%]

The test T, for normally distributed observation vectors was also considered by Schott [ 3] who obtained its distribution under
the condition that (n/p) goes to a constant as (n, p) — oo. It has been shown in Srivastava and Du [7] that T; performs better
than T, for the case of two samples. The test proposed by Srivastava [5], which has been shown to perform better than T,
in Srivastava and Fujikoshi [8] is not considered in this paper as its distribution under the non-normal model has yet to be
derived.

5. Power and attained significance level

In this section we compare the power of the statistics T; and T, in finite samples by simulation. We first examine the
attained significance level to the nominal value o« = 0.05.

The attained significance level (ASL)is & = #(T1y > z1_)/r where Ty are values of the test statistic T, (or T, ) computed
from data simulated under H, r is the number of replications and z;_, is the 100(1 — «)% point of the standard normal
distribution. The ASL assesses how close the null distribution of T; (or T;) is to its limiting null distribution. From the same
simulation, we also obtain Z;_, as the 100(1 — «)% point of the empirical null distribution, and define the attained power
by 3T = #(Tia > Z1_q)/1, Where Ty4 are values of the T; (or T,) computed from data simulated under A.

Through the simulation, we compare the proposed test T; with T,. It may be noted that irrespective of the ASL of any
statistic, the power has been computed when all the statistics in the comparison have the same specified significance level
as the cut off points have been obtained by simulation. The ASL gives an idea as to how close it is to the specified significance
level. If it is not close, the only choice left is to obtain it from simulation, not from the asymptotic distribution. It is common
in practice, although not recommended, to depend on the asymptotic distribution, rather than relying on simulations to
determine the ASL.

For simulation, we consider the problem of testing the equality of 3 mean vectors, thatis,k = ¢+ 1 = 3and q = 2,
where Ny = N, = N3 = N*, and the cases of (N*, p) = (10, 40), (20, 80), (30, 120) and (40, 200) are treated. Note that
n = N; + N, + N3 — k = 3(N* — 1). For the three mean vectors, we write

O = (1, ky, p3) 3 X P,

_(1 0 -1 _ (M e
C‘(O 1 —1)’ C@—(uz —3)

The observation matrix is

Y=0". ..y iy
Iy« 0 0
Xvx3=[ 0 1y« 0 |,
0 0 Ty
where 1y = (1, ..., 1)’ : N*x 1for N = 3N*. For the hypothesis, without loss of generality we choose p; = pu, = u5; = 0.

For the alternative hypothesis, we choose g, = 0, p, = 3n~"2p~ V41 ps = —p,.
To generate the Y matrix from a non-normal distribution, we generate 3N*p i.i.d. random variables u;; from three kinds
of chi-square distributions, namely, XZZ, st and X322 with 2, 8 and 32 degrees of freedom, respectively, and centre them and



212 M.S. Srivastava, T. Kubokawa / Journal of Multivariate Analysis 115 (2013) 204-216

scale them as
vj = (uj —m)/~/2m,

foru; ~ x2, m = 2, 8, 32. Since the skewness and kurtosis (K4 + 3) of x2 is, respectively, (8/m)'/? and 3 + 12/m, it is
noted that x2 has higher skewness and kurtosis than xg and xZ,. Write them as

1 1. .2 2). .G 3

0D D@0 ey

where v(’) vectors are p-vectors,j = 1,...,N*, i = 1,2, 3. For the covariance matrix, we consider the following three
cases:

(Case 1) X is the identity matrix X = I,.

(Case 2) X is a diagonal matrix ¥ = D, = diag (af, e, af,), where @; are i.i.d. as chi-square with 3 degrees of freedom.
(Case 3) X is a fully unknown matrix, where

1 1 1
1-1|7 =217 [1-p|7
o1 1Y P 1Y o1
1 1 1
02 2—1|7 2—2|7 |2—p|7 (op)
Z — p p e IO
. ,
[oF 1 1 1 [of
p 1 1 1 p
Ip—117 Ip=217 Ip—pl7
p p e p

for p = 0.2 and diag (o1, ..., 0p) = D;/Z given in (Case 2).
For the first case, we define
(Case 1) Y =V +X(0, py, p3),

where under the hypothesis, Y = V, and under the alternative, u, and p, are replaced by the vectors mentioned above. For
the second case,

(Case2) Y = VD> + X(0, iy, p3)',
where under the hypothesis, Y = VD” 2
the third case,

(Case3) Y = V2 + X(0, iy, p3)',

and in the alternative, i, and p4 are replaced by the vectors mentioned above. For

where under the hypothesis, Y = VX2, and in the alternative, p, and 5 are replaced by the vectors mentioned above.

The simulation results under the X% distributions for m = 2, 8 and 32 are presented in Tables 1-3, respectively. The
critical values are computed based on 100,000 replications and the ASL and the powers are obtained based on 10,000
replications. It is noted that the 95% point of the standard normal distribution is 1.64485. Three tables report the critical
values and the power in the hypothesis of the two tests, and it is seen that the values of the ASL are appropriate. As reported
in the tables, the powers of the two tests perform similarly in Case 1, but the proposed test T; has much higher powers than
T, in Case 2. For the Xzz -distribution, which has higher skewness and kurtosis, T; has slightly higher power than T, in Case 1.
Clearly, when X = I, all the components have the same unit of measurements and hence both tests perform equally well
but when the unit of measurements are not the same, as in Case 2, the proposed test performs much better than the test
based on T,. The ASL and the powers of T; in Case 3 are slightly worse than those in Case 2. However, T; is still better in ASL
and power than T, in Case 3.

6. Results on moments

We here provide results on moments.

Lemma 6.1. Let u = (uy, ..., up)’ be a p-dimensional random vector such that E[u] = 0, Cov [u] = I,, E[uf] =K;+3,i=
1,...,p, and
E[ufwufui] = E[uf 1E[u} IE[ug]E[uf], (6.1)

O0<a+b+c+d<=<4foralli,j, k, L Then for any p x p symmetric matrices A = (a;;) and B = (bj;) of constants, we have
(a) E[(w'Au)?] = K, 1 . “ 2+ 2tr [A%] + (tr [A])%,

(b) Var[wAu] = Ky Y7, a2 + 2tr[A?],

(c) E[w/Auw'Bu] = K4 Y 1, ayby + 2tr [AB] + tr [A]tr [B].
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Table 1
Critical values, ASL and powers of the tests T; and T, in the case of X22 -distribution with skewness 2 and kurtosis 9.
N* p Critical value ASLin H Power in A
Ty T, Th T, T I}
Case 1
10 40 1.6061 1.5966 461 4.59 92.04 85.02
20 80 1.5632 1.6225 4.16 458 90.46 85.65
30 120 1.5622 1.6440 3.98 471 89.94 86.21
40 200 1.5564 1.6386 453 5.38 90.43 87.40
Case 2
10 40 1.6061 1.6865 4.61 5.79 99.96 24.71
20 80 1.5632 1.6784 4.16 5.36 99.63 18.20
30 120 1.5622 1.6919 3.98 4.97 97.82 15.20
40 200 1.5564 1.6852 453 5.43 96.26 16.97
Case 3
10 40 1.7259 1.7700 5.86 6.39 97.78 23.26
20 80 1.6657 1.7697 5.54 6.05 86.45 17.60
30 120 1.6564 1.7583 5.17 6.12 72.30 15.47
40 200 1.6652 1.7795 5.61 6.27 63.19 15.66
Table 2
Critical values, ASL and powers of the tests T; and T in the case of st—distribution with skewness 1 and kurtosis 4.5.
N* p Critical value ASLin H Power in A
T T Ty T, T T,
Case 1
10 40 1.7339 1.7029 5.90 5.52 84.92 84.48
20 80 1.6175 1.6810 4.85 5.55 86.92 86.19
30 120 1.6119 1.6812 451 5.17 87.04 86.49
40 200 1.5967 1.6714 4.19 4.99 87.80 87.26
Case 2
10 40 1.7339 1.7903 5.90 6.25 99.93 23.56
20 80 1.6175 1.7276 4.85 6.11 99.27 18.89
30 120 1.6119 1.7344 451 5.83 97.06 15.56
40 200 1.5967 1.7291 4.19 5.79 94.70 16.38
Case 3
10 40 1.8053 1.8515 6.30 6.79 97.17 22.56
20 80 1.6873 1.7895 5.27 6.65 85.15 18.22
30 120 1.6728 1.8000 4.99 6.14 71.27 15.32
40 200 1.6741 1.7853 5.09 6.19 61.60 16.13
Table 3
Critical values, ASL and powers of the tests Ty and T, in the case of x3,-distribution with skewness 0.5 and kurtosis 3.375.
N* p Critical value ASLin H Power in A
T I} T I} T T
Case 1
10 40 1.7688 1.7184 5.79 5.44 82.13 84.72
20 80 1.6457 1.6930 473 5.22 84.12 84.89
30 120 1.6155 1.6812 433 4.97 86.09 86.20
40 200 1.6090 1.6831 4.73 5.33 86.84 87.08
Case 2
10 40 1.7688 1.8157 5.79 6.64 99.97 23.15
20 80 1.6457 1.7409 473 537 98.93 16.80
30 120 1.6155 1.7476 433 5.71 96.46 15.85
40 200 1.6090 1.7223 4.73 5.63 94.55 16.61
Case 3
10 40 1.8644 1.9536 6.23 6.73 96.60 21.74
20 80 1.8889 1.8132 5.49 6.21 83.08 15.97
30 120 1.7733 1.9282 5.15 6.55 71.25 15.77

40 200 1.5788 1.7836 5.32 6.13 61.56 15.72
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Proof. For (a), note that a; = a;. Then under condition (6.1),

E[(u’Au)Z] = E|:(Z a,,u + ZZa]kujuk) :|

Jj<k
» 2
— E|:Z au? + Z aauiu’ + 4(2 ajku]—uk> +38 Z ;i g + 8 Z ail-ajkufujuk:|
i#j Jj<k Jj<k i#j,j<k
= (K4 + 3) Z a; + Z aiiajj +4 Z(ajk
i#j j<k
~a S+ (ST am) 123 d 2
i#j i#]

=K, Z a + (tr[A])* + 2tr [A%].

i=1
For (b), from condition (6.1), it follows that

p p
E[u/Au] = E|:Z aiu? + Z a,-,-ajjuiuj:| = Z a; = trA,
P

i=1 i
which, together with the equality in (a), yields the equality in (b).
For (c), it is seen that

E[uAut/'Bu] = E|:<Z a;u? + 2 Z agju; u]> <Z biu? + 2 Z bju; u]>:|

i<j i<j
=Y Zaubu + Zaub]] + 42 au ijis
i#j i<j
for y = K4 + 3. Noting that tr [AB] = Y_F_, a;ib;i + 2 qu a;ib; and tr[Altr [B] = YF_, auby + Zf# a;ibjj, we can get the
equalityin(c). O

Corollary 6.1. Let it = N! Zf'zl u;, where uq, . .., uy are independently and identically distributed. Then

Var(i'Ait) = N3 Z a + —tr [A?].
i=1

Proof. This corollary is shown as follows:

7
1 N N
N*Var(il'Ai) = NzVar|: (Z ul-) A (Z u,»):|
1 N
/ /
= ﬁVar u,Au; + 2 Z ujAu,< ,
1

i=1 i<k

which can be rewritten as

N
Var|:Z u’Au,i| —Var Z uj’-Auki| Cov|:Z wAu;, Z u/Auk]
| j<k Jj<k
AN(N — 1)

B tr [A®]

1
= —Var[u,Au,] +
N [ 1 1]

2(N—-1)
2 2
{I<4 E a + 2tr [A°] ; + N tr[A°]

= —K @ +2tr[A’]. O
N4;ﬂ+ [A%]
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Lemma 6.2. Let u and v be independently and identically distributed random vectors with zero mean vector and covariance
matrix I,. Then under condition (6.1) for any p x p symmetric matrix A = (ay),

Var[(WAv)?] = K? Z af + 6Ky Z a’aj, + 6tr [A*] + 2(tr [A%])°.
ij.k

Proof. Since E[(W'Av)?] = E[u'Avv'Au] = tr [A%], we have Var[(#/Av)?] = E[(WAv)*] — (tr[A?])%. Let C = (¢;) = AW/A.
Then, tr [C] = v'A%v and tr[C?] = tr [AW/AAW'A] = (V'A*v)? = (tr[C])2. Since (W'Av)* = (/Cu)?, from (a) and (c) in
Lemma 6.1, it follows that

E[(WAv)*] = E[(u'Cu)*] = E[E[(u'Cu)*|C]]

p
= E|:K4 Y i +2r[Cl+ (i [C])2:|

i=1

p
= E|:K4 Do+ 3(v/A2v)2:|

i=1

1<4ZE[c“ +3{I(4Z{(A2),,} + 2tr [A*Y] + (tr[Az])z}.

i=1

LetA = (al, ..., @p) for column vectors a;’s. Since C = Avw'A’ and v'‘A' = (V'ay, ..., v'ay), it is seen that ¢; = ajw'a; =
v'a;a}v and c = (Vaa, v)2 (V'Gv)? for G; = a; a;. Hence, from (a) in Lemma 6.1,
Elci] = E[(v'Gv)*]

)4
= Ka ) _1(G)yY + 2tr[G7] + (tr [Gi])’

=1
)4
= Ky Y _{(Gy)* + 3(aja)’.
=1
Since G, = a;d,, it is noted that (G); = aizj. Since A> = AA' = (ay,...,a,) (ay, ..., ), it is seen that (A*); = aja; =
. Hence we get
p p
E[@AV)* ] =K7Y > aj + 3K, Z(a a;)? + 3K, Z(u a;)? + 6tr [A*] + 3(tr [A%))2.
i=1 j=1 i=1 i=1
Thus,
P
Var[WAv)’] = K7 > > " dj + 6K, Z(a a;)* + 6tr [A%] + 2(tr [A%])%.
i=1 j=1 i=1
Noting that Y7, (@ja:)* = Y1, (X7, aizj)2 = Y}, a5a3, we get the equality in Lemma 6.2. O

7. Concluding remarks

In this article, we have proposed a test which is invariant under the change of unit of measurements. It has been shown
to perform better than the test proposed by Srivastava and Fujikoshi [8] and Schott [3] unless X = 021p in which case both
tests are equally good. Our simulation results show that both tests are robust and the assumptions of normality is not needed
to carry out any of the two tests.
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